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X-RAY OF ZHANG’S ETA FUNCTION
JEFFREY STOPPLE
ABSTRACT. A study of the level curves Re(η(s)) = 0 and Im(η(s)) =
0, for η(s) = pi−s/2Γ(s/2)ζ ′(s) gives a new classification of the
zeros of ζ(s) and of ζ ′(s). We assume the Riemann Hypothesis
throughout.
Introduction. By the Cauchy-Riemann equations, the level curves
for the real and imaginary parts of a holomorphic function form or-
thogonal trajectories, and plotting these is an interesting way to vi-
sualize the function. In [1], J. Arias-de-Reyna used the terminology
‘X-ray’ for the level curves Re(ζ(s)) = 0 and Im(ζ(s)) = 0. In [10],
Zhang named the function
η(s) = pi−s/2Γ(s/2)ζ ′(s).
(Levinson [7] had the Lemma below, but did not name the function.
Conrey [3] used the notation η, but for a family of functions with a
parameter.) This function has an interesting property with respect to
the zeros of ζ(s) on the critical line:
Lemma. ([7, (1.6)] or [10, Lemma 1]) Suppose t > 7. Then we have
ζ(1/2 + it) = 0 if and only if Re(η(1/2 + it)) = 0.
The lemma makes the level curves for η(s) of interest. The results
presented here are inspired by examination of the level curves, but
the proofs are independent of the actual graphics. The key ingre-
dient is a version of Zhang’s Lemma 2 and Lemma 4 in [10] which
makes explicit all the implied constants. This is done in the final
section.
Arias-de-Reyna used monochromatic graphics, with thick and thin
lines for the two level curves Re(ζ(s)) = 0 and Im(ζ(s)) = 0 re-
spectively. Instead we use color, and in addition we color separately
based on the sign of the component which is not 0. Thus the colors
in Figure 1 can be interpreted as follows:
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tive of the Riemann zeta function.
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FIGURE 1. Level curves for η(s), −7 ≤ σ ≤ 8, 0 ≤ t ≤ 240
Red: Im(η(s)) = 0 and Re(η(s)) > 0
Green: Re(η(s)) = 0 and Im(η(s)) > 0
Cyan: Im(η(s)) = 0 and Re(η(s)) < 0
Purple: Re(η(s)) = 0 and Im(η(s)) < 0
(In Mathematica these colors are HUE[0], HUE[1/4], HUE[1/2], HUE[3/4]
respectively.)
Throughout we assume the Riemann Hypothesis. For shorthand
when referring to ‘the zeros’ of ζ(s) we mean the nontrivial zeros
only. The Riemann zeros ρ = 1/2 + iγ of ζ(s) occur where the green
and purple contours cross the critical line. The zeros ρ′ of ζ ′ are vis-
ible everywhere four colors come together (exclusive of the double
pole at s = 1.)
Theorem. With the usual indexing γ1 < γ2 < . . . of the imaginary parts
of the zeros of ζ(s), every odd indexed zero lies on a contour Im(η(s)) < 0.
Every even indexed zero lies on a contour Im(η(s)) > 0.
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FIGURE 2. Level curves for η(s), −7 ≤ σ ≤ 8, 0 ≤ t ≤ 240
Proof. This follows from the Improved Zhang Lemma below, which
says that as t increases, the argument of η(1/2 + it) decreases by
exactly pi between consecutive zeros. A Mathematica calculation of
η(1/2 + iγ1) determines the parity of all the zeros. 
Classification of zeros.
Zeros of ζ ′(s).
Type 0: We will say a zero ρ′ of ζ ′(s) is of TYPE 0 if neither of the
level curves Re(η(s)) = 0, Im(η(s)) > 0 and Re(η(s)) =
0, Im(η(s)) < 0 exiting ρ′ cross the critical line σ = 1/2.
Type 1: We will say a zero ρ′ of ζ ′(s) is of TYPE 1 if exactly one of
the level curves Re(η(s)) = 0, Im(η(s)) > 0 and Re(η(s)) =
0, Im(η(s)) < 0 exiting ρ′ crosses the critical line σ = 1/2.
Type 2: We will say a zero ρ′ of ζ ′(s) is of TYPE 2 if the level curves
Re(η(s)) = 0, Im(η(s)) > 0 and Re(η(s)) = 0, Im(η(s)) < 0
exiting ρ′ both cross the critical line σ = 1/2.
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(To be completely precise, ‘crosses the critical line’ above should re-
ally be replaced with ‘crosses the critical line above t = 7’, since there
is a curve originating in the double pole at s = 1, which crosses the
critical line below t = 7 but does not correspond to a zero of ζ(s).
The Lemmas do not apply in this region.) These zeros could be fur-
ther classified according to what the other two contours are doing,
but I don’t (yet) see the utility.
Zeros of ζ(s).
Type 1: We will say a zero ρ = 1/2 + iγ of ζ(s) is of TYPE 1 if the level
curve Re(η(s)) = 0 on which it lies, terminates in a zero ρ′
which is of type 1.
Type 2: We will say a zero ρ = 1/2 + iγ of ζ(s) is of TYPE 2 if the level
curve Re(η(s)) = 0 on which it lies, terminates in a zero ρ′
which is of type 2.
Figure 2 is Figure 1 with the Im(η(s)) = 0 curves removed, to
see more easily the zeros of ζ(s) (curve crosses the critical line) and
ζ ′(s) (curves of different colors meet) and their types. When both
branches form a loop to the left, it is type 2. When they loop to the
right, it is type 0. If the two colors extend in opposite directions with-
out looping, it is type 1. In Figure 2, the first four zeros of ζ ′(s) have
type 2; the next four alternate between types 1 and 2. The first zero
of type 0 occurs at height about 113, with another at height about
132. At height about 161 we have two consecutive zeros of type 1,
but from the way the graphics are imported into Latex one can not
tell, looks like it might be a type 2 and type 0. The breaks in the
curves are an artifact of the Mathematica CONTOURPLOT command;
they could be eliminated by setting the parameters to sample more
points.
Theorem. Every Riemann zero is of either type 1 or type 2. Thus we have
a canonical mapping from the zeros of ζ(s) to those of ζ ′(s), which is two
to one on the type 2 zeros, and one to one on the type 1 zeros. Zeros of ζ ′(s)
of type 0 are not in the image. The Riemann zeros of type 2 are canonically
grouped in pairs.
Proof. All this is clear except the first statement, which says the con-
tours which cross the critical line from the left must terminate in
some zero of ζ ′(s). The alternatives we must rule out is continua-
tion of the contour on to the right, or looping back to the left.
For the first possibility, note that the contour arg(η(s)) = pi (resp.
arg(η(s)) = −pi) does not exist in isolation; it is part of a continuum
which deform smoothly as the argument is varied. But the argument
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of η(s) is increasing (as one moves up vertically in the plane) for
Re(s) > 3, but decreasing for Re(s) < 0. They can only cross over
each other where the argument of η(s) is undefined, at a zero ρ′.
The second possibility is ruled out by the Improved Zhang Lemma,
which says that the argument of η(s) decreases monotonically as one
moves up the critical line. 
Asymptotics. Let
N1(T) = ] {type 1 zeros ρ = 1/2 + iγ | 0 < γ < T} .
NB: This is a nontraditional notation for the meaning of N1(T). Let
N2(T) = ] {pairs of type 2 zeros ρ−, ρ+ | 0 < γ+ < T} .
We have classically
(1) N1(T) + 2N2(T) =
T
2pi
log
(
T
2pi
)
− T
2pi
+ O (log T) .
For j = 0, 1, 2, let
N′j (T) = ]
{
zeros ρ′ = β′ + iγ′ of type j | 0 < γ′ < T} .
NB: The ′ here does not indicate a derivative with respect to T. The
Theorem above implies N1(T) = N′1(T) and N2(T) = N
′
2(T). Thus
we have from [2]:
(2) N′0(T) + N1(T) + N2(T) =
T
2pi
log
(
T
4pi
)
− T
2pi
+ O (log T) .
Subtracting (2) from (1) gives
(3) N2(T)− N′0(T) =
T
2pi
log (2) + O (log T) .
Subtracting (1) from twice (2) gives
(4) N1(T) + 2N′0(T) =
T
2pi
log
(
T
8pi
)
− T
2pi
+ O (log T) .
In particular we have
Theorem. There are infinitely many type 2 zeros of ζ(s), and thus also of
ζ ′(s). At least one of the other types of zeros of ζ ′(s) is infinite in number.
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Open Problems.
(1) Understand the asymptotics of N′0(T), N1(T), and N2(T).
(2) Find an algorithm to determine the type of a zero ρ′.
(3) Find an algorithm to determine the type of a zero ρ = 1/2 +
iγ.
(4) Examine the numerics of the spacing of (γ+ − γ−) logγ+ for
paired type 2 zeros 1/2 + iγ− and 1/2 + iγ+ .
(5) Examine the numerics of (β′ − 1/2) logγ′ for zeros ρ′, sepa-
rated by type. See, for example, Figure 6.1 in [4].
(6) The open half of the conjecture of Soundararajan [8]: Can one
show
lim(β′ − 1/2) logγ′ = 0⇒ lim(γ+ − γ−) logγ+ = 0
when the lim inf is restricted to the subsequence of type 2 ze-
ros?
Improved Zhang Lemma. Let
F(t) def.= −Reη
′
η
(
1
2
+ it
)
Let log η(s) be any choice of the branch of the logarithm in an open
set which contains the critical line but no zeros of ζ ′. By the Cauchy-
Riemann equations,
F(t) = −d arg(η(1/2 + it))
dt
.
Lemma. For t > 7, F(t) > 0.
Proof. In [10, (2.4), (2.5), (2.6)] Zhang writes
ζ ′′
ζ ′
(s) = − 2
s− 1 + A + ∑
β′>0
(
1
s− ρ′ +
1
ρ′
)
+ Σ1,
where
Σ1 =
∞
∑
n=1
(
1
s− ρ′n
+
1
ρ′n
)
.
Here
−(2n + 2) < ρ′n < −2n
is the unique real zero on ζ ′(s) in the interval, while ρ′ = β′+ iγ′ are
the complex zeros. (And, in fact, since we are assuming RH we can
write β′ > 1/2.) Mathematica gives that
ζ ′′
ζ ′
(0) = log(2pi) +
−24C1 − 12C2 + pi2
12 log(2pi)
,
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where C denotes the Euler constant and C1 the first Stieltjes constant.
Thus
A = log(2pi) +
−24C1 − 12C2 + pi2
12 log(2pi)
− 2.
In place of [10, (2.7)] we write
h′
h
(s) =
∞
∑
n=1
(
1
2n
− 1
s + 2n
)
− 1
s
− log(pi) + C
2
.
Thus for σ = 1/2 we can write in place of [10, (2.9)]
(5) Re
η′
η
(s) = Re ∑
β′>1/2
1
s− ρ′ + Re
∞
∑
n=1
(
1
s− ρ′n
− 1
s + 2n
)
−24C1 − 12C2 + pi2
12 log(2pi)
− 2 + log(4pi)− C
2
− Re
(
1
s
+
2
s− 1
)
+ Re ∑
β′>1/2
1
ρ′
+
∞
∑
n=1
(
1
ρ′n
+
1
2n
)
.
For s = 1/2 + it,
−Re
(
1
s
+
2
s− 1
)
=
2
1 + 4t2
.
From the data provided by [6], we estimate
Re ∑
β′>1/2
|γ′|<1000
1
ρ′
≈ 0.0345840.
With real part of ρ′ < 3 (from [9]) and density of zeros ρ′ at height t
about log(t/4pi)/2pi, we estimate
Re ∑
β′>1/2
|γ′|>1000
1
ρ′
< 2 · 3 ·
∫ ∞
1000
log(t/4pi)
2pit2
dt = 0.0051344,
So
∑
β′>1/2
Re
1
ρ′
< 0.0397184.
With Mathematica we easily compute
30
∑
n=1
(
1
ρ′n
+
1
2n
)
≈ 0.2810417,
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while we estimate
∑
n>30
(
1
ρ′n
+
1
2n
)
<
∞
∑
n=31
2
4n2
< 0.0163920,
so
∞
∑
n=1
(
1
ρ′n
+
1
2n
)
< 0.2974337
The totality of all the constants in (5) is thus < −0.340479, and so
F(t) > − ∑
β′>1/2
Re
1
1/2 + it− ρ′ + 0.340479 + o(1)
is positive for t 1. The term o(1) is, more precisely,
2
1 + 4t2
− Re
∞
∑
n=1
(
1
s− ρ′n
− 1
s + 2n
)
.
We claim that
−Re
∞
∑
2n>t
(
1
s− ρ′n
− 1
s + 2n
)
> 0,
as this sum is
∑
2n>t
Re
( −ρ′n − 2n
(s− ρ′n)(s + 2n)
)
= ∑
2n>t
(−ρ′n − 2n)
Re ((s− ρ′n)(s + 2n))
|s− ρ′n|2|s + 2n|2
.
With −2n − 2 < ρ′n < −2n, and 2n > t, every term is positive.
Meanwhile
−Re
∞
∑
2n<t
(
1
s− ρ′n
− 1
s + 2n
)
= ∑
2n<t
ρ′n − 1/2
|s− ρ′n|2
+
1/2 + 2n
|s + 2n|2 .
From |s− ρ′n|2 > |s + 2n|2 we deduce
−1/2 + ρ′n
|s− ρ′n|2
>
−1/2 + ρ′n
|s + 2n|2 ,
so this sum is bounded below by
∑
2n<t
ρ′n + 2n
|s + 2n|2 > −2 ∑2n<t
1
(2n + 1/2)2 + t2
.
The sum has t/2 terms, each less than 1/t2 so this sum is bounded
below by −1/t. We conclude that
F(t) > − ∑
β′>1/2
Re
1
1/2 + it− ρ′ + 0.340479 +
2
1 + 4t2
− 1
t
,
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and for t > 7,
0.340479 +
2
1 + 4t2
− 1
t
> 0.

By Stirling’s formula we have that for ρ = 1/2 + iγ a zero of ζ(s),
Zhang’s Lemma 3 is, more explicitly,
F(γ) ∼ 1
2
log
( γ
2pi
)
.
Zhang’s Lemma 4 becomes
Lemma. For n ≥ 1, ∫ γn+1
γn
F(t) dt = pi.
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